Affine equation of state from quintessence and k-essence fields 
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We explore the possibility that a scalar field with appropriate Lagrangian can mimic a perfect fluid 
with an affine barotropic equation of state. The latter can be thought of as a generic cosmological 
dark component evolving as an effective cosmological constant plus a generalized dark matter. As 
such, it can be used as a simple, phenomenological model for either dark energy or unified dark 
matter. Furthermore, it can approximate (up to first order in the energy density) any barotropic 
dark fluid with arbitrary equation of state. We find that two kinds of Lagrangian for the scalar field 
can reproduce the desired behaviour: a quintessence-like with a hyperbolic potential, or a purely 
kinetic k-essence one. We discuss the behaviour of these two classes of models from the point of 
view of the cosmological background, and we give some hints on their possible clustering properties. 
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I. INTRODUCTION 

Known forms of matter such as baryons and radiation 
are not sufficient to explain the observed universe, hence 
we need to assume the existence of an unknown dark 
component, whose properties are then deduced from in- 
direct detections. About one third of it, named dark 
matter, is needed to account for the inhomogeneities 
that we observe up to very large scales, namely to ex- 
plain both large scale structure and the cosmic microwave 
background anisotropy peaks [l], 0] • The remaining two 
thirds, dubbed dark energy, are needed to explain the 
observed flatness of the universe and its late time accel- 
eration 0, 0| ■ Assuming the existence of heavy particles, 
non collisional and cold, dark matter is usually modelled 
as a pressureless perfect fluid. In its simplest form dark 
energy takes the form of vacuum energy density, i.e. a 
cosmological constant A. More generally, it can be mod- 
eled as a perfect fluid with an equation of state (EoS 
from now on) that can violate the strong energy condi- 
tion (SEC, see e.g. @), such that it can dominate at late 
times and have sufficiently negative pressure to account 
for the observed accelerated expansion. For both forms 
of energy several tentatives have been done in different 
frameworks to make them descend from a scalar field, re- 
lated to a Lagrangian (see [f| for a recent review and ref- 
erences therein). Since we do not know much about these 
dark components, the idea that they may be ascribed to 
a unique source of energy is appealing, especially if their 
origin can be easily related to some fundamental the- 
ory, as it is for a scalar field. A considerable effort at 
describing the dark side of the universe with a unified 
phenomenological model 0, [H has been made in the last 
few years, also aiming at constraining the parameters of 
the models (e.g. see ja,[l(|). In this context scalar field 
models have been proposed, both with a canonical ki- 
netic term in the Lagrangian 0j], EH and in k-essence 
scenarios 



a in the Lagrangian [TTI . Il2| 
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In this paper we develop a different approach: we in- 
vestigate whether a minimally coupled scalar field with 
a specific Lagrangian can mimic the dynamics of the 
dark fluid discussed in d El EI HI EI and similarly 
in [22|, HH . More precisely, in Qthe working hypothesis 
was the existence of a single dark perfect fluid with a sim- 
ple 2-parameter barotropic equation of state, the affine 
EoS Px = Pa + otpXi which naturally yields an energy 
density evolution of an effective cosmological constant 
plus a generalized dark matter [2l[. This EoS can also 
be seen as a first order Taylor expansion of a wider class 
of functions of the energy density, where the dark compo- 
nent more generally can either only provide the late time 
acceleration or mimic also a matter-like background evo- 
lution. In addition, this EoS can be derived from the 
simple assumption that the speed of sound is constant 
and potentially positive, alleviating the unpleasant con- 
sequences of a negative value for structure formation [24[ • 
In @ we tested this model against observables related to 
the homogeneous and isotropic expansion and compared 
it to the standard ACDM model. Here we will investigate 
if and to what extent such a EoS, in general represent- 
ing either a dark energy or a unified dark matter com- 
ponent, can arise from scalar field dynamics, considering 
two possibilities: a quintessence model, with a hyperbolic 
potential, and a purely kinetic k-essence model. 



II. AFFINE EQUATION OF STATE 

In an homogeneous isotropic universe, modeled with a 
Robertson- Walker metric, the energy momentum tensor 
must take the perfect fluid form, with a total energy den- 
sity pt = J2 i Pi and pressure Pt — J2i Pi- Under stan- 
dard assumptions, if the various components are non- 
interacting, each satisfies the usual conservation equa- 
tions, V fjT?X = 0, independently of the theory of gravity. 
To fix ideas, let us assume that X, one of the above com- 
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ponents, is represented by a barotropic fluid with EoS 
Px = Px(px)- Let's assume that this EoS allows for vi- 
olation of SEC at least below some redshift, so that X can 
become the dominant component and drive the observed 
cosmic acceleration. Assuming now and in the following 
Einstein equations with no cosmological constant A, vi- 
olation of SEC is equivalent to px + 3Px < 0, which in 
a Friedmann-Robertson- Walker universe is sufficient for 
acceleration. Then, denoting with H the Hubble expan- 
sion scalar related to the scale factor a by H = a /a, it 
follows from the energy conservation equation 

Px = -3H( Px + P x ) (1) 

that, if there exists an energy density value px = Pa such 
that Px(p\) = — PA, then p\ has the dynamical role of 
an effective cosmological constant: pj\ = (see [2l| for a 
more detailed discussion). 

Another reasonable assumption is that the square 
of the speed of sound of X is non-negative: c 2 x := 
dPx/dpx > 0. Indeed, this assumption ensures that 
the adiabatic perturbations of X do not blow up (be- 
cause it follows from momentum conservation that, for 
a barotropic fluid and for dP/dp < 0, pressure gradients 
do not work anymore as a restoring force against gravity, 
and instead act as gravity). Actually, the assumption 
c x >0is strong enough to imply violation of SEC and a 
sort of cosmic no-hair theorem, if Px < at some point 
(in an expanding phase, H > 0, with px + Px > 0). 
That is, under these conditions it follows that the en- 
ergy density decreases while the pressure becomes nega- 
tive enough for SEC to be violated, thereby driving an 
accelerated expansion in a Friedmann-Robertson- Walker 
universe, till p — > p\, so that the universe becomes de 
Sitter at late times, i.e. p\ is an attractor for (TT]). When 
Pa becomes the dominant component, the same holds 
true in Bianchi models, as proved by Wald (25[, as well 
as in other cases, see e.g. |26j . 

In Q we have considered a flat Friedmann-Robertson- 
Walker universe in general relativity, with radiation, 
baryons and a single unified dark matter component 
with energy density px represented by a barotropic fluid. 
Given that the EoS Px = Px{px) is unknown, we as- 
sumed a constant speed of sound dPx/dpx — a., leading 
to the 2-parameter affine form [2l[ 

Px ^Po + ap x - (2) 

This allows for violation of SEC even with c 2 s = a > 0. 
Then, using © in (TT]) and asking for pa = leads to the 
effective cosmological constant pa = —po/(l+a). Eq. @ 
may also be regarded (after regrouping of terms) as the 
Taylor expansion, up to 0(2), of any EoS Px = Px(px) 
about the present energy density value px t 18]. The 
EoS if taken as an approximation, could be used 
to parametrize a dark component (either unified dark 
matter or dark energy) at low and intermediate redshift. 
Actually, with a — * (and p m > 0, see Eq. (J3J) below) 
the EoS above is equivalent to a ACDM. This allows for 



a straightforward comparison of models, as done in [9(. 
Indeed, in Q we made a more radical assumption, that 
is, we extrapolated the validity of Eq. @ to any time, 
thereby building a cosmological model based on a unified 
dark component with EoS ([2]), which we tested against 
observations and compared with the standard ACDM 
model. We found that fl\ ~ 0.7 and a ~ 0.01. 

The evolution of p with the expansion can be found us- 
ing the EoS J2]) in the conservation equation JTJ) , leading 
to 

px(a) = PA + p m a- 3(1+a \ (3) 

where today p m = pxo — PA and a = 1. Formally, with 
the EoS ^ one can then interpret our dark component 
as made up of the effective cosmological constant pa and 
an evolving part with present "density" p m . It is clear 
that the standard ACDM model is recovered for a = 0, if 
p m > is identified with the density of pressureless dark 
matter. More in general, a priori no restriction on the 
values of a and p is required, but one needs p a < and 
a > — 1 in order to satisfy the conditions that pa > 
and p — ► pa in the future, i.e. to have that pa is an 
attractor for Eq. ^j. In this case, our affine dark matter 
is phantom if p m < 0, but without a "big rip", cf. [2l| . 

In summary, the barotropic affine EoS can be used 
to model either a dark energy component, if standard 
dark matter is also assumed to be present, or a unified 
dark matter, as we did in Q. 

It is well known that, from a given EoS describ ing a 
fluid, a scalar field model can be derived (see e.g. [27j). 
However, the correspondence is in general not one to one: 
scalar fields in general have an extra degree of freedom 
and thus a more complicated dynamics. The question 
then arises, whether this dynamics allows for a solution 
which acts somehow as an attractor, so that it can mimic, 
at least to a certain extent and with little or no fine tun- 
ing, the fluid evolution. In the following sections we are 
going to investigate to what extent a scalar field with ap- 
propriate Lagrangian can mimic the cosmological dynam- 
ics arising from the affine EoS i.e. the density evo- 
lution §5§ . We shall assume a flat Friedmann-Robertson- 
Walker universe with units c = 1 and 8irG — 1, so that 
the Hubble parameter H 2 = a/a and the energy density 
p obey the Friedmann equation H 2 = p/3. 

III. SCALAR FIELDS 

In the most general form, in general relativity, the ac- 
tion for a minimally coupled scalar field can be written 
as 

3 = Jd 4 x^^ + £( X ^)), (4) 

where \ = —^g^d^d^cj) is the kinetic term. The stress 
energy tensor consequently is 

= W + £(J>, x)g^ (5) 
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and, as long as the scalar field 4-gradient is time-like, 
i.e. g^ v d^(t>d u 4> < 0, it can be cast in the perfect fluid 

form Tf iv = (p0 + p^UpUp + p^g^v, where u M = ^= 
is the 4-velocity (coinciding with the unit normal to the 
<j> = constant slices) and the Lagrangian plays the role of 
the pressure of the fluid. For an observer comoving with 
the fluid, the energy density reads 



,x) 



9x 



(6) 



while the effective EoS and the speed of sound [28| are 



w<t, 



p<t>{4>,x) 



2X 



dx 



P<f>(<t>,X) 



dp<j>{<j>,x)/dx 
dp<p(<j>,x)/dx' 



Thus a scalar field admits a perfect fluid description, 
in general not of barotropic type. Indeed, comparing 
with a barotropic fluid, a scalar field has an extra de- 
gree of freedom: therefore, in general each initial condi- 
tion (equivalently, each trajectory in phase space) for a 
given scalar field Lagrangian corresponds to a different 
barotropic EoS. Hence, the question is to what extent a 
given EoS can be mimicked by a given scalar field model, 
at least in a asymptotic regime, i.e. to what extent that 
model admits a solution that acts as attractor for other 
trajectories in phase space, thereby avoiding a strong fine 
tuning problem that would spoil the value of the model 
itself. 

In the next subsections we will consider separately two 
scalar field models: we will first analyse a quintessence 
model and derive a potential that returns the affine EoS 
as an exact solution in phase space, then we will recon- 
struct the pressure in a purely k-essence model where the 
potential is set to be constant. 



A. Quintessence 



energy as functions of the scale factor: 

V&) = p A + Pmi \- a) a-^. 



(10) 
(11) 



The dot here refers to the derivative with respect to 
cosmic time t. Phantom evolution for the energy den- 
sity, namely solutions for which the energy density is a 
growing function of the scale factor, can be set by either 
a < — 1 or p m < 0. 

We now want to work out the shape of the potential in- 
tegrating and inverting Eq. (|10[) . eventually substituting 
it in Eq. (111|) . Let us assume that the fluid is the only 
dominating component (i.e. H 2 = p^/3) and rewrite 
Eq. {TOD using = aff^: 



/3(1 



1 



da 



Aa 2 (l + m a 3(l+a))' 



(12) 



where we choose the positive sign for the square root of 
H 2 , connected to a universe that is expanding at least 
at present time, although one can also have a change of 
sign in this function (see point Hi) below). Also, the 
outcome of our calculations will be independent of the 
sign of ^2, thanks to the simmetry of the potential about 
its minimum (see below). Integrating out Eq. (|12p we find 



(13) 

which inverted and substituted in Eq. (|11[) returns the 
expression for the potential: 



v{4>) = 
+ 



^PA + ^W^ 1 ^ (14) 



In the quintessence model the Lagrangian is just the 
difference between a canonical kinetic term and a poten- 
tial, 



c = x-v^) = \\^ 2 ~v^) 



(8) 



at the zero order, and the energy density and pressure 
take the form 



p<p = £ 



(9) 



where A = 1 for the standard quintessence scenario and 
A = — 1 for phantom cases (not yet excluded by current 
observations [Ii|). The Klein Gordon equation for the 
scalar field is c/)+3Htj)+V' (</>) — 0, which will be analysed 
later in this section. Combining Eq. © with Eq. @ we 
can express the derivative of the field and the potential 



Again here A accounts for a < — 1 values. 
We can distinguish three different cases: 

i) Pa > and p rn > 

The minimum of the potential here is clearly 
V(4> m in) — p\ and the field rolls down to it, reaching 
the final de Sitter attractor (see Fig. [1} . 

ii) Pa > and p m < 0, phantom 

The universe evolves from a contracting phase, bounce 
at a* = (\p m \l pa) 3<1+q) and then re-expands [21]. The 
potential here exhibits a maximum and the field is then 
forced to climb up the hill towards the maximum (see 
Fig. [2]) reaching the ensuing De Sitter attractor. The 
scalar field thus exhibits phantom-like behaviour with the 
energy density growing with time. 

Hi) pa < and p m > 0, non phantom 
The case pa < necessarly gives p m > 0, if we assume 
a positive total energy density of the fluid. The universe 
expands to a maximum a max = (p m /\pA\) 3 < 1+Q > and then 
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FIG. 1: Scalar field potential with pA, p m > 0, non phantom 
case. 



n A =i 



V (0) <*= °- 3 

- — ; -2 a=0 




FIG. 2: Scalar field potential with p\ > and p m < 0, 
phantom case. 



recollapses. At a = a max the field has reached the min- 
imum of the potential, which in this case is not p\, but 
is V{<\) m in) — /Oa(1 + Oi)/2 (see Fig. [3] for negative value 

of n A ). 

a=0.1 



3 

Vj 2 
3 H ( 2 , j 
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FIG. 3: Scalar field potential for different values of pa, non 
phantom case. The minimum of the potential is p A (l + a)/2 
for p A < 0. 



The potential (|T4|) has been derived imposing an affinc 
equation of state for a barotropic fluid. However, as said 
above, the scalar field has an extra degree of freedom, 



hence the universe expansion in general will not be the 
same that in the barotropic fluid case. In order to study 
the dynamics of the scalar field we need to look at the 
Klein Gordon equation and its phase space. In Ref. [2l[ 
it has been shown that current background observables 
exclude phantom behaviour at more than 3<r. Moreover, 
as we will see, the de Sitter critical point in the phase 
space is a pure attractor only in non phantom cases. For 
these reasons till the end of this section we will put A = 1 , 
a > — 1 and p m > 0. 

Rescaling the scalar field so as to have the minimum 
at <p = 4> ~ 4>min = 0, the potential (|14[) can be written 
as 



T w \ r3 + a (I — a) , , /—, — 



+ <*)) ■ (15) 



|. Here the case p\ = 

e -y/md*n*~ = p A /p m , 



A related form was derived in [2 ! 
is not included, since we put 
but it is recovered in the limit </> m m — > oo (correspond- 
ing to the pure exponential potential, where a takes the 
standard role of the linear EoS parameter: P x = ap x ). 
Thus, assuming as a starting point the affine EoS we fall 
into the class of quintessence "exponential potentials" , 
whose properties are well known ([111) HO) El) H3) and 
which we will comment more in details further on. 

In order to analyse the behaviour of the field from a 
dynamical system point of view, let us define the new 
dimensionless variables 



X 



Y := 



dip 
drj ' 



(16) 



Then the Klein-Gordon and Friedmann equations are 
equivalent to the system 



X' 



Y, 



,y2 



(17) 

V \V 2 1 dV 
— Y — , (18) 

Pm ' Pm Q-h- 



where the prime represents the derivative with respect 
to j]. System (fTT l) - (frBj) obviously exhibits a fixed point 
(0, 0), corresponding to the field lying at rest at the min- 
imum of the potential and driving the expansion with 
an effective EoS parameter ([7J = —1, i.e. an effec- 
tive cosmological constant. This point therefore repre- 
sents a de Sitter model. The eigenvalues of the lineariza- 
tion of system (fT7 ]) - (Tl"8l at this critical point are e\ = 

- x/3p A /(4p m )(l - a) and e 2 = - v /3p A /(4p m )(l + a)., 
both always negative for \a\ < 1 and p\, p m > 0. Within 
these bounds, which we always assume, this fixed point 
is therefore an attractor: a stable node in general, and 
an improper node in the degenerate case e% = ei = 

— a/3pa/4, i.e. for a — 0. Therefore, the scalar field 
forcely approaches asymptotically the de Sitter attractor 
(0, 0) in the phase space, which corresponds to the total 
domination of the constant part of the potential and the 
late time accelerated expansion (see Fig.0}. 

It is easy to derive an analytic expression in terms of 
X and Y for the trajectories corresponding to the affine 
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EoS ([2]): they lie on the curve 



Yaff = ± 



\ ^ (cosh (X o// V3O+^0) 



(19) 

which we may call the affine curve in phase space. This 
is the union of three exact solutions of system (jTTj) - ([T8j) : 
1) the fixed point (0, 0); 2) a positive branch for X < 0; 
3) a negative branch for X > 0. 




FIG. 4: Phase space for system (HTJl- JTHJ) with a = 0.8 and 
Q.A = 0.7. The fixed point at the origin is a stable node for 
a ^ and represents a de Sitter asymptotic state. The thicker 
line represents the curve (|19|1 . i.e. the solutions corresponding 
exactly to the affine EoS fluid. It is rather clear that generic 
trajectories approach the fixed point along the eigenvector 
corresponding to e2 and not along the thick curve, see text. 

An analysis of the linearization of system (|17[) - (fl~8|) 
shows that, the eigenvector E2 corresponding to ei is 
tangent at the origin to the affine curve fH]) . For a > 
62 < ei < 0, thus generic trajectories approach the de 
Sitter stable node along the other eigenvector Ei (they 
are tangent to it), as it is rather clear from the represen- 
tative example in Fig. [U For the improper node case 
a = there is a single eigenvector, and all trajecto- 
ries approach the stable node from that direction. In 
other words, for a > the scalar field dynamics mimics 
the affine EoS fluid rather poorly, unless a is very small 
or zero. In p ractice, for the potentially interesting case 
a <C 1 [§, [HI, HI1 1 the angle between the two eigenvectors 
becomes smaller and smaller, and the scalar field evolu- 
tion is better and better represented by that of the affine 
fluid. The situation changes for for a < 0: in this case 
e\ < ei < and generic trajectories approach the de 
Sitter stable node along the eigenvector E 2 (tangent to 
it), which remains tangent to the affine curve (|19[) . In 
this case therefore, the affine curve (|19p attracts generic 




FIG. 5: Phase space for system (TT7)l - (ri8)l with a = and 
S7a = 0.7. Here generic trajectories approach the fixed point 
along the single existing eigenvector ei = e2, see text. 




FIG. 6: Phase space for system lfr7 ) -p8 |l with a = -0.8 and 
= 0.7. For negative values of a the qualitative behavior 
is rather clear: generic trajectories approach the fixed point 
along the eigenvector corresponding to e2, driven towards the 
affine curve. 



trajectories, better and better for 1 + a — > + (see Fig. 
5). 

As analysed in Ref. [ll| the scalar field crosses two 
distinct phases: first of all it acts as in a standard pure 
exponential quintessence model, in which phase, if coex- 
isting together with other components (e.g. radiation and 
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CDM) , it can track the EoS of the background and, sec- 
ondly, it slips into the minimum following a parabolic- like 
potential. However, differently from Ref. here the 
minimum is non-zero. Thus, when entering the parabolic 
phase an effective cosmological constant drives the accel- 
erated expansion. 

It is often asserted that, since the speed of sound for a 
scalar field is equal to the speed of light, then the scalar 
field cannot form sub- horizon structures. One should ex- 
ercise extreme caution to relate the definition of the speed 
of sound to the evolution of density perturbations like in 
the hydrodynamic models. Indeed it is true that in the 
perturbation equation of a scalar field the term which is 
proportional to the wave number k 2 and define the phase 
velocity is exactly the unity, and that this term is the well 
known sound of speed contribution to a standard wave 
equation, see Eq. ([7]). On the other hand, the second 
derivative of the potential with respect to the field plays 
an important role in the clustering. Let us write down 
the relativistic equation for the scalar perturbations: 

8$> k + 3H5p k +(% + V"(<pj)5<p k = -\iph, (20) 



V(<p) ~ pa/4((3 + a) + (1 - o)(l + 3(1 + a)<p 2 )). The 
mass associated to the fluctuations stabilizes when the 
frequency of the oscillations is bigger than the Hubble 
expansion, namely when m v > H , otherwise it varies un- 
til it asymptotically mimics the parabolic oscillations set 
by this potential, where V", calculated in the minimum, 
is the value entering Eq. ([21]) . Indeed the energy scale 
related to the potential [)15p is Vq — p\ — 10 -9 Mpc~ 2 , 
for which we find a Compton length much larger than 
the horizon, even for tiny values of a. Unavoidably, 
scalar perturbations at scales smaller than the horizon 
must have been erased, with unpleasant consequences for 
structure formation. Hence one is forced either to trig- 
ger two different energy scales in the potential, no longer 
describing an affine EoS, or to use the scalar field only as 
a dark energy component. Infact, when a scalar field is 
invoked merely as a dark energy component, a naturally 
vanishing mass is recovered. Moreover the homogeneity 
of the dark energy is a desirable property, as we do not 
observe its clustering at sub-horizon scales. 

In the next subsection we will present a purely kinetic 
Lagrangian which can avoid this problem. 



where the prime here indicates the derivative with respect 
to the field, h is the trace of the spatial metric tensor 
perturbation in the synchronous gauge and k = 2n/X is 
the wave number. 

At early time the potential (TT5]) is undistinguishable 
from a simple exponential potential and the energy den- 
sity of the scalar field tracks the background radiation 
evolution [3l|. However, soon after the equivalence of 
matter and radiation, one would like the scalar field to 
mimic a matter component. If the scalar field then leaves 
the exponential regime and enters the parabolic phase, its 
fast oscillations around the minimum could generate an 
average energy density which acts as a matter-like en- 
ergy density, see e.g. [35(]. The second derivative of the 
potential today is the square of the mass associated to 
the fluctuations (mt) and scalar perturbations can only 
grow if the term proportional to k 2 in (f2T))) is subdomi- 
nant with respect to a 2 V" , i.e. for k < am v . This mass 
defines the value of the Compton length: 



A, = 



2tt 



-in 



v/3p A (l-a 2 )' 



(21) 



In the most optimistic view we can set the stage of os- 
cillations to begin just before the equivalence, i.e. at 
z ~ 10 5 . In this case, if one thinks about a scalar field 
related to ultra-light particles capable to condensate and 
set an energy scale of the potential Vb ~ 10 6 Mpc~ 2 
[TTL l35j ] . a Compton length which is of order of hun- 
dreds parsec is obtained. Besides, under the assump- 
tion of a unified dark matter suitable for driving also 
the late-time acceleration, this description is no longer 
valid. As already mentioned, after the early exponen- 
tial phase, the potential enters a parabolic phase, where 
its shape is well represented by the quadratic expression 



B. K-essence 

The possibility of k-essence was first taken into con- 
sideration to explain the dynamics of inflation (36j . but 
has been subsequently proposed to generate the late time 
acceleration [371 ] . As already mentioned in the introduc- 
tion, k-essence is particularly suitable for describing uni- 
fied fluids with a matter-like component and a subluminal 
sound of speed. We now discuss a purely kinetic k-essence 
model equivalent to an affine EoS. Let us assume that the 
Lagrangian is a generic function of \ only, i.e. 



£ = P(x), 



(22) 



which hides a simple constant term playing the role of 
a potential [13(. More general types of Lagrangian in- 
cluding, as a factor in (|22p . a function of the field can 
also be motivated by low energy effective string the- 
ory (see Ref. 0). A general expression for the La- 
grangian of a purely kinetic k-essence model obtained 
from a barotropic EoS was derived in [381 ] . 

In a Friedman-Robertson- Walker metric the equation 
of motion for the field is 



d 2 P 
dx 2 



X 



dP 

dx 



(23) 



where ' = d/d\og(a). From this equation a straight in- 
dipendence of the solution on other possible components 
is easily noticeable. Moreover the EoS and the speed of 
sound do not seem to be influenced by the choice of the 
constant potential, but they actually are, in that the po- 
tential affects the evolution of X and, in turn, through 
the Friedman equation the other components. 

Assuming a specific function P(x) one can in princi- 
ple solve Eq. (|2"3")l for x( a ) an d then substitute it in the 
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expression ([6]) for p<f,(x) to figure out the evolution of 
the energy density with the scale factor. In [l7| the sta- 
ble nodes of Eq. (|23f have been analysed, corresponding 
to solutions for which either dP/dx\ x , = or %* = 
(both with Wrf, — —1). Thus, modelling P by means of 
a parabolic form, or equivalently expanding the pressure 
around its minimum in x* ( as previously done in 16]), 
they found p^ = -g + 4# 2 X*(a / 'ai)~ 3 , where 30 and g 2 
are constants. This corresponds to an energy density of 
a unified dark fluid composed by a cosmological constant 
and a pure CDM. However this solution happens to be 
an approximation only valid in the neighborhood of the 
minimum, and for a > ai, where a\ depends on the con- 
stants. Moreover the speed of sound is not vanishing at 
all out of this regime. Looking for an explicit solution 
with a \ 2 Lagrangian leads to undesirable radiation-like 
evolution in the past. Here our approach moves along 
an inverse path: we start imposing the evolution for the 
energy density corresponding to the affine EoS @ and 
derive the expression for P(x) an d the speed of sound. 

Connecting Eq.@ to Eq. ([5]), a first order differential 
equation in P as a function of x is derived: 



dP 

P-2a X —+ P A = 0- 

a-X 



(24) 



This equation can be solved for the pressure and then 
used in Eq. © to derive the following: 



P 



-PA + cx 



P<f> = PA 



C 1+0 

-x 2a 



(25) 



where c = p m a/xa 2o: is the integration constant derived 
imposing the value of the fluid energy density at present 
and xo is X a t present time. These two function are 
clearly solutions of the affine EoS @, and the stable 
node of Eq. (|23|) is the one for which xo — and — 
— 1. The expressions for the pressure and the energy 
density (|25|) represent the sum of a power-law solution, 
related to an unchanging and non-zero EoS (p — ap), 
plus a constant potential term that acts as a cosmological 
constant [39j. It has been shown in [40j that if a > 
the constant EoS is an attractor for the k-essence field, 
holding also for super luminal EoS. From Eq. ([7]) it follows 
that the "effective" speed of sound in this model is c\ = 
a. In many k-essence model, whenever d 2 P/dx 2 7^ 
and positive, the speed of sound can be arbitrarily small 
between last scattering and today. As a purely kinetic k- 
essence model, one main property is that the scalar field 
possesses a single degree of freedom: therefore its EoS is 
naturally barotropic and reads: 



-n^ n 3 ( 1 + a ) 4- n 
PA a T Pr, 



a 



/9 A a 3 ( 1+Q ) + Pn 



(26) 



Hence the scalar field dynamics derived from a purely 
kinetic Lagrangian, related to the simplest first order 
parameterization of a perfect fluid EoS, is completely 
equivalent to the perfect fluid description: while 
— 1 < W0 < a, the speed of sound is constant and 



can reproduce a "fuzzy" dark matter [4l|, i.e. a low 
sound-speed fluid inhibiting growth of matter inhomo- 
geneities at very small scales. The density and pressure 
perturbations of the constant part of the Lagrangian 
are null independently of the speed of sound, and the 
pressure perturbations are defined in the rest frame 
of the matter-like component. Moreover, in this case, 
the scalar field does not have the problem of an early 
radiation-like behavior. In addition, evolution Q is not 
a transient solution, but is valid at all times, implying 
no unnatural fine-tuning on the parameters (apart from 
the energy scale). Besides, the effective speed of sound 
defines the stabilization scale for a perturbation [281 ] ; 
in this model perturbations of physical wavelength 
a/k < CsHq 1 must have been completely erased. Thus, 
the Compton length related to the growth of inhomo- 
geneities is A c = qHq 1 and, in order to obtain formed 
structures at least at Kpc scale, we expect a < 10~ 6 , i.e. 
very strongly constrained, although non-vanishing. This 
is also the bound obtained in [33[ for a generalized dark 
matter from a direct comparison with the matter power 
spectrum. A larger value of a would indeed distort also 
the large scale CMB anisotro py p ower spectrum via the 
integrated Sachs Wolfe effect [34j . 



IV. CONCLUSIONS 

We have investigated the prospects of reproducing the 
behaviour of a dark fluid with affine barotropic EoS 
within the context of a scalar field model with an appro- 
priate Lagrangian. The importance of this approach is 
twofold: first, this kind of EoS can be regarded as a first 
order approximation to that of any generic barotropic 
fluid; second, describing this kind of fluid in a scalar field 
framework gives a more fundamental representation of 
the dark component. Our main finding is that it is in- 
deed possible to obtain an equivalent description of the 
dark fluid with affine EoS in two cases: a quintessence- 
like Lagrangian, with a hyperbolic potential, and a purely 
kinetic Lagrangian, or k-essence. Both models are able to 
reproduce the correct behaviour of the cosmological back- 
ground from early epochs up to the present, although in 
the quintessence case this is strictly true only for a < 0. 

In the case of the quintessence potential we have found 
(see also the dynamics of the scalar is driven by an 
"exponential-like" potential including a constant term. 
The field then first follow a trajectory where it tracks the 
dominant cosmological component (radiation or matter), 
then it reaches an attractor solution where it behaves as 
a cosmological constant, resulting in an accelerated ex- 
pansion of the universe. However, when one addressed 
the problem from the point of view of structure forma- 
tion, this kind of Lagrangian does not appear to have the 
necessary characteristics to act as a unified dark compo- 
nent, although it could be used as a dark energy. In fact, 
since for quintessence scalar field the speed of sound is 
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such that Cg = 1 and the energy scale related to the min- 
imum is set by the cosmological constant, perturbations 
are erased on scales smaller than a Compton length po- 
tentially bigger than the horizon. The only way to use 
the scalar field as a unified dark fluid would be to intro- 
duce a new energy scale in the potential. In this regard, 
the dark fluid obtained from a quintessence potential has 
a worse behaviour than the barotropic fluid that it tries 
to reproduce, since in the latter case the speed of sound 
can be made arbitrary small. 

The k-essence Lagrangian seems more suitable to treat 
a unified dark fluid, even when considerations based on 
structure formation are taken into account. We found 
that the energy density scaling behavior of an afflne per- 
fect fluid is an exact solution of a specific pure kinetic 
Lagrangian. Furthermore, the absence of an early phase 
mimicking the radiation component makes the model 
suitable to reproduce a matter-like behaviour at all times. 
Moreover, in this case the speed of sound is related to one 
of the parameters of the afflne EoS, (? s = a. This suggests 



that the model might have the right clustering properties 
both at galactic and cosmological scale (although requir- 
ing a fine-tuning of the a parameter). Based on simple 
arguments related to the expected Compton length, we 
conclude that the a parameters should be strongly con- 
strained to small (~ 1CU 6 ) but not necessarily vanish- 
ing values. This is consistent with values obtained by 
a comparison of a similar model (namely, a generalized 
dark matter plus a cosmological constant) with the mat- 
ter power spectrum[33]. A full analysis in linear pertur- 
bation theory and a comparison of the predictions with 
CMB anisotropy data is currently being undertaken and 
will be the subject of a forthcoming paper [34| . 
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